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ABSTRACT  OF  REPORT  OK  EFFECT  OF  GEOMETRICAL  FACTORS  UPOM 
THE  BEHAVIOUR  OF  AN  UNTUNED  CLOCK  MECHANISM 


V 

Continuing  the  study  of  untuned  clock  mechanisms,  the  dependence  on 
tine  delay  of  the  following  geometrical  factors  was  determined  empirics llyi 
{1)  the  angle  at  the  verge  corner,  X2)  the  center  to  center  distance, 
verge  to  wheel, 't 3)  the  radius  of  the  tooth  circle  of  the  wheel,  (U)  the 
position  of  the  comer  points  of  the  verge  with  respect  to  the  axle  of 
rotation  of  the  verge*  It  was  found  that  except  in  case  (1),  the  empirical 
relationship*' 

.  /■  •'  T|  ,.(•!>  i  ( X  I  ' 

t  '  '  '  1  /  '  .  / 

T  «  B .T*0^  V^V112 
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must  be  rewritten  (the  powers  of  IY  and  1^)  to  predict  times  T.  The  given 
relationship  is  correct  for  the  geometrical  situation  of  case  (!)• 

j  j 

In  each  of  the  case  (2),  (3),'  and  (U)  a  linear  relationship  (approximately) 
is  found  to  hold  when  values  of  T  are  plotted  against  values  of  the 
geometrical  factor  being  varied. 


The  work  abstracted  above  was  actually  carried  out  far  a  scaled  up 
model  of  a  particular  untuned  clock  mechanism. 


/ 

1 

See  a  report  dated  Sept.  1,  1953#  entitled  "A  Study  of  the  Dynamics 
of  an  Untuned  Clock  Mechanism". 


ABSTRACT  OF  REPORT  ON  EFFECT  OF  GEOMETRICAL  FACTORS  UPON 
THE  BEHAVIOUR  OF  AN  UNTUNED  CLOCK  MECHANISM 


Continuing  the  study  of  untuned  clock  mechanisms,  the  dependence  on 
time  delay  of  the  following  geometrical  factors  was  determined  empiricallyi 
(1)  the  angle  at  the  verge  corner,  (2)  the  center  to  center  distance, 
verge  to  wheel,  (3)  the  radius  of  the  tooth  circle  of  the  wheel,  (li)  the 
position  of  the  coiner  points  of  the  verge  with  respect  to  the  aids  of 
rotation  of  the  verge.  It  was  found  that  except  in  case  (1),  the  empirical 
relationship1 
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must  be  rewritten  (the  powers  of  Iv  and  1^  to  predict  times  T.  The  given 
relationship  is  correct  for  the  geometrical  situation  of  case  (1), 

In  each  of  the  case  (2),  (3),'  and  (ii)  a  linear  relationship  (approximately) 
is  found  to  hold  when  values  of  T  are  plotted  against  values  of  the 
geometrical  factor  being  varied. 

Bio  work  abstracted  above  was  actually  carried  out  for  a  scaled  up 
model  of  a  particular  untuned  clock  mechanism. 


See  a  report  dated  Sept,  1,  1953*  entitled  WA  Study  of  the  Dynamics 
of  an  Untuned  Clock  Mechanismn, 
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I.  INTRODUCTION 


lhis  is  the  second  report  dealing  with  the  stucfy  of  an  untuned  clock 
mechanism,  undertaken  under  Task  Assignment  No.  1  (modified).  Contract 
No.  CST-122U,,  now  designated  as  DAI-l49-l86-ORB(P)-10O.  The  first  report, 
dated  September  1,  1953,  will  be  referred  to  frequently  and  will  be  desig¬ 
nated  simply  by  the  letter  R. 

R  dealt  with  the  dynamical  characteristics  of  the  clock  mechanism, 
in  particular  with  the  effect  of  moments  of  inertia  of  wheel  and  verge, 
and  applied  torque  upon  the  time  delay  per  revolution.  This  present  report 
will  deal  with  the  effects  of  various  geometrical  factors  upon  this  time 
delay. 
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II.  THE  DIFFERENTIAL  EQUATIONS  OF  MOTION 

Reference  to  R,  pages  1-19,  Appendices  A  and  B,  will  explain  the  theore¬ 
tical  methods  used  to  determine  the  tins  delay  per  revolution  of  a  scaled 
up  model  of  the  clock.  As  described  in  R,  the  fundamental  equation  of 
motion  of  the  verge-wheel  system  was  solved  by  making  use  of  a  linear  approxi¬ 
mation  to  certain  non-linear  relationships  involving  the  angular  positions 
of  wheel  and  verge.  The  solutions  attained  and  used  were  only  approximately 
correct  for  this  reason.  However,  no  results  given  in  R  are  basically 
invalid  because  of  this.  I 

We  are  indebted  to  Hr.  Arthur  Hausner,  of  the  Diamond  Ordnaice  Fuze 
Laboratories,  who  pointed  out  to  U3  a  method  of  obtaining  solutions  for 
the  basic  differential  equation  t:Mch  does  not  involve  the  use  of  the 
linear  approximations  mentioned  above.  In  ordor  to  describe  this  exact 
method  some  background  material  of  R  will  be  briefly  reviewed. 


The  clock  is  an  untuned  mechanism  in  which  a  spring  driven  toothed 
wheel  engages  alternately  the  leading  and  trailing  pallot  faces  of  a 
freely  oscillating  verge.  For  example,  in  Fig.  1,  a  tooth  of  tie  wheel  is 

in  contact  with  the 
leading  pallot. face. 
This  tooth  slides 
free  of  the  leading 
pallet  face,  wheel 
and  verge  rotate 
clockwise  and  coun¬ 
terclockwise  re¬ 
spectively,  and  then 
collide  at  the  trail¬ 
ing  pallet  face. 

The  whole  action  is 
then  repeated  on  this 
trailing  face.  At 
each  impact  energy 
is  lost  so  that  at 
the  end  of  one  cycle 
the  velocity  of  the 
wheel  is  the  same  as 
at  the  beginning  of 
the  cycle,  Undor 
these  circumstances 
there  is  a  certain 
average  velocity  of 
the  wheel,  called 


Fig.  I 


either  leading  or  trailing  we  know  that 


During  the  time 
a  tooth  is  in  contact 
with  a  pallet  face. 


sin  (e  V  )  ■  l  -  *  siy? 


a) 


-3' 
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During  this  period  of  contact,  each  component  exerts  a  torque  upon  the 
other,  and  it  is  essential  that  the  ratio  of  the  lever  arms  of  these  torques 
be  known.  This  ratio  is  given  by 


u/v 


R  cos  (6  •»/?) 


I 


(R2+k2-p2)  ♦  2kR  cos6 


_R  cos  (6  4  /3  ) 
k  cosy3  ♦  R  bos  (/3+8) 


(2) 


Both  of  these  equations  are  fully  dlscuctxl  in  R,  II  (A)  and  II  (B). 


Now  if  one  differentiates  (1)  he  gotr:  (C),  or 


d/3  u 

de  "  v 


This  enables  us  to  write 


(3) 


u  _  djtf  Ivfi  -  T  V* 
Vs  de  "  Iy  <k  '  V 


for  the  fundamental  differential  equation  for  leading  contact, 
lng  the  variables  and  integrating 


e 


V  *  T 

>  7  (d6)nJ 

♦  2  T(e  -  e0) 

*  *  isrj 

By  separat- 


Slmilar  considerations  lead  to  an  Identical  solution  for  trailing  contaot. 
This  result,  which  is  exact,  may  be  compared  with  the  approximate  solution 
of  R,  page  16.  The  change  in  angle  from /3  to  ©<  is  fully  explained  on 
page  6,  R,  and  represents  only  a  change  in  axis  from  which  vorge  angle  is 
measured. 


No  other  equation  used  in  the  solution  for  tho  motion  of  the  system 
is  changed,  although  the  symbols,  7,  1',  K,  K'f  of  R  will  now  bo  replaced 
by  the  proper  values  of  (d<*)  «  u/v.  Of  oourss  the  fact  that  we  now  deal 

(d0) 

with  a  different  equation  of  motion  than  before  will  necessitate  a  change 
in  technique  of  solution.  There  is  therefore  included  at  tho  end  of  this 
report  an  Appendix  A  which  describes  fully  the  mathematical  and  arith¬ 
metical  methods  employed.  The  values  of  0  computed  and  used  in  this 
report  were  computed  by  the  exaot  method  unless  otherwise  noted.  No 
numerical  solutions  are  included  in  this  report;  results  only  are  given. 


III.  SOME  THEORETICAL  CONSIDERATIONS 


In  discussing  the  effect  of  geometry  upon  the  behaviour  of  the  motion 
of  the  system  there  are  certain  broad  statements  v;hich  night  bo  mado.  In¬ 
tuitively  one  would  expect  that  any  geometry  which  results  in  a  cycle  of  a 
relatively  long  period  of  free  motion  would  be  characterized  by  a  large 
value  of  Similarly  one  expects  that  if  the  ratio  u/v  is  relatively 
large  then  the  value  of  ^  will  be  relatively  small  and  vice  versa.  From 
the  results  of  the  empirical  work  ^escribed  in  the  bocfy  of  this  report 
the  above  statements  will  be  shown  to  be  true.  It  is  also  possible  that 
if  one  makes  certain  simplifying  assumptions  these  results  may  be  pre¬ 
dicted  theoretically. 

(A)  Cycle  of  No  Free  Motion 

We  assume  hero  that  a  geometry  exists  such  that  as  tho  tooth  in  leading 
contact  comes  to  last  contact  leading  and  slips  free,  that  immediately 
the  trailing  tooth  collides  with  the  trailing  pallet  face/  so  that  there 
is  no  free  motion  at  all.  We  shall  further  assume  that  the  ratio  of  lever 
arms  u/v  =  d»/dO  =  y,  is  a  constant,  'Ihe  numerical  valuo  o 2'/  is  the  same 
for  both  leading  and  trailing,  but  is  negative  or  positive,  respectively. 

Ihe  question  as  to  tho  possibility  of  constructing  a  verge  for  uhich 
Ys  constant  is  discussed  in  Appendix  B,  We  assume  finally  that  tho 
angular  distance  A©  through  which  the  wheel  moves  on  leading  contact 
is  equal  to  the  A  0  through  which  the  wheel  moves  on  trailing  contact. 

Actual  computation  of  many  cycles  indicates  that,  this  last  assumption  is 
very  nearly  fulfilled  in  all  except  the  most  extreme  cases.  Referring  now 
and  throughout  the  remainder  of  this  section  to  the  material  of  Appendix  A, 
one  proceeds  as  follows: 


°o  + 


27*A0 
if  2 .  Iv 


(1)  since  (d^)  (dx) 

(d3)0  s  (do)]*  7 

and  0^  —  ©q  —  A  0.  It  is  to  bo 


noted  that  AO  is  one  half  the  size  of  the  angular  tooth  spacing  (.2856 
radians  in  this  clock). 


Since  there  is  no  free  motion  a  collision  takes  place  immediately  at  the 
angle  of  last  contact  leading,  9^  above.  We  have  then 


which  becomes 
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since  ©2  =  ®1  anc* 


(do<) 


(df) 

(JO)! 


Now  v/e  are  on  trailing  contact  and  can  writ© 


5- 


..  ..  2  2TAS 

'4  “»3 


Qa2,  «  e 


(3) 


as  wo  have  dona  above,  and  finally 


e,  -  — EjLlla_5L_  .  6.  - 

6  Iv, 

A  simitar.  /no  nolution  of  equations  (1)  to  (4)  above  gives 


-  — ^ -  •  Mj,  -  60  (at  equilibrium)  (4) 

Jv,+ */ <*.!*. 


r^io  (i,  +  Zy-yg) 

2  Iy,  1V‘-;  £ 


(s) 


c02  -  cj-  *■  e62 


-  v/2)2 

2  iw  vir*) 


(6) 


and  no  hnvo  tbe  final  and  initial  volocitieo  of  each  half  of  the  oyole 
oxpraaecd  in  torom  of  the  geometrical  and  dynamic  constants  of  the  system. 
Koto  that  it  is  possible  that  Q0  should  bo  negative,  in  which  case  the 
wheel  baoks  up  and  then  goes  forward.  This  possibility  is  not  considered. 

Kow  tho  two  halves  of  the  oycle  are  of  course  identical  so  the  average 
velocity  over  one  half  is  the  avorago  ovor  tho  whole  cycle.  To  find  this 
wo  write 


■«>»> 


v/hore 


a  » 


..  ,»r  ...  b.  a„2  -  ZTe° 

Iw  ♦  XvT^  It;  ♦  I v  V ' 


rq 


now  T  • 


dO 

01 


Integrating  gives 

T  -  f  (ex  -  e0) 


is  time  for  half  cycle. 
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so  that  6  » 


^  e 


a 

2(0!  *•  Go) 
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Substituting  equations  (5)  and  (6) 


IwTAe 

2  Vrf*  u„  * 


as  average  or  terminal  velocity  of  this  cycle. 


(B)  Cycle  of  No  Contact  Motion 

Using  the  same  basic  assumption  as  above  v/e  now  require  a  geometry 
such  that  there  is  no  sliding  contuct  of  a  tooth  on  a  pallet  face.  The 
collisions,  both  leading  and  trailing,  take  place  at  the  positions  of  last 
contact.  Hence  there  is  contact  betv/een  tooth  and  verge  only  at  the  instant 
of  collision. 

It  is  wiser  here  to  adopt  slightly  different  equations  of  motion 
than  those  of  Appendix  A  for  the  free  motion,  as  follows,  V/e  write 


-  e  2  4  --2.m 


where  0O  «  velocity  of  verge  immediately  after  leading  collision  and  0^ 
is  the  velocity  at  any  instant  to  and  including  the  instant  of  trailing 
contact.  is  the  angular  duration  of  the  free  motion  and  is  one  half 

of  the  total  angular  duration  of  the  cycle. 

After  the  trailing  collision 

®2  •  y  121 

•Iw  +  *v1 

During  the  free  motion  to  leading  collision 


e32  -  ®22  * 


and  Just  after  leading  collision 


6a  * 


Iw  “  1 2  Iv  ©2 
Iw  ♦  1*  Iv 


Those  equations  most  simply  describe  the  motion. 

To  find  the  time  required  for  one  half  cycle  we  integrate 

r&t 
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v.'.'iicl.  give  T  «  —  (Oi  -  60) 


*  A'i 

or  6 


T*  -Ab  •  +  iv  I2) 


2  I,.  Iv<Y“ 


Thi3  follov/s  from  (l),  (2),  (3),  (4)  and  the  expression  for  T, 


[C)  Cocrcarision  of  Results 


'.Vo  now  conparo  the  results  shown  above. 


All  Contact  Motion 


All  Frao  Motion 


6 

2  I-j  IV7 


Iw2 

Iw  +  Iv7 


TAe 
!  2  lv,  IW 


dw  ♦  2) 


A  cursory  inspection  of  theao  equations  allows  us  to  conclude  that 
(1)  the  cydo  of  fro-  motion  has  a  largor  average  velocity  than  that  of 
contact  motion,  (2)  as  'f  =  u/v  increases,  tho  average  velocity  associated 
with  any  cycle  will  decrease.  These  results  agree  ’"ith  the  predictions 
made  at  the  beginning  of  the  oyole. 

Tho  ’..orh  of  this  paragraph  was  done  by  Mr.  Arthur  Hausner  of  Diamond 
Ordnance  Fuze  Laboratories  and  is  inoluded  in  this  report  for  convenience. 
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Reference  to  Appendix  A  of  this  report  v:ill  allow  one  to  examine  all 
oquations  used  in  the  solution  for  tho  notion  of  the  system.  A  very  brief 
inspection  is  sufficient  to  impress  upon  one  the  importance  of  the  curves 
o(  vs  0,  and  u/v  vs  0  in  determining  the  notion.  Any  factor  influencing 
the  shape  of  the  curves  will  inevitably  influence  the  uverr.gc  velocity  0. 
Referring  back  to  Section  II,  one  is  able  to  see  that  thoso  curves  will 
depend  upon  the  terms  /3a%  k,  R,  p,  each  of  which  is  a  definite  geometrical 
factor  of  the  system.  The  diagram  of  Fig.  1  shows  these  quantities  vhcrey^, 
is  that  particular  value  of ^3  for  which  the  verge  is  in  equilibrium. 

One  would  of  course,  consider  the  possibility  of  expressing  u/v  »  do/d9 
in  terms  of  those  quantities  (and/?  and  0)  and  by  substitution  into  tho 
ecuntions  of  motion  bo  uble  to  mice  theoretical  prodictions  about  tho 
offect  of  any  ono  factor  upon  6.  Unfortunately  the  family  of  oquations 
(Appendix  A)  that  ore  must  use  in  order  to  plot  a  curve  0  V3  0  is  of  such 
a  nature  that  even  though  every  equation  in  tho  list  Do  expressed  in  terms  o 
/3ot  k,  R,  and  r»,  it  is  still  not  possible  to  arrive  at  any  analytical 
expression  for  *0*.  If  this  were  possible  we  could  of  cour.so _Jiave  proceeded 
in  Just  this  way  to  establish  the  functional  dependence  of  6  on  IV7  for 
example.  Easically,  the  motion  of  this  system  is  treated  as  discontinuous 
at  each  collision,  end  this  fact  is  in  large  part  responsible  for  the 
trouble  discussed  above. 


After  several  abortive  attempts  to  work  out  seme  theoretical  method 
of  handling  this  problem  it  became  evident  that  v.-c  rare  facod  with  tho 
necessity  of  proceeding  empirically;  i.e.  computing  0  for  each  of  the 
various  geometrical  possibilities  and  attempting  to  derive  some  information 
from  these  results.  This  is  a  long  and  tedious  procedure,  and  a  repetition 
again  and  again  of  a  fixed  method  of  solution.  Only  results  of  such 
solutions  ere  given  in  this  report. 


One  of  the  factors  appearing  in  the  list  above  is  p,  which  is  Given 
by  the  equation 

p  ■=  x0  cos /3a  +  y0  sin/3, 

In  this  equation  (xQy0)  represent  tho  coordinates  of  the  leading  verge- 
point,  when  the  verge  is  in  equilibrium.  These  coordinatr  j  are  referred 
to  a  set  of  axes  marked  x  and  y  in  Fig.  1,  having  origin  0]_.  It  was 
considered  wise  to  think  of  the  geometrical  factors,  then,  as 


f3a ,  k,  n,  (*oyo) 


In  our  computations  only  one  factor  was  varied  at  a  time,  all  others  being 
held  constant.  The  factor  to  be  varied  was  taken  for  several  specific 
values  over  its  allowable  range,  and  for  each  such,  value  o  "as  ccmput' 
for  two  or  three  values  of  Iv.  From  the  results  reported  ir 
t,  t  the  functional  depcrdor.cs  of  <5  on  T*  '.till  ns4  he  cr anger 
-  bu  cl'.ar.~e  in  geometry.  T  1.2  functional  acpo.'.r.-.r.cc  of  o  or.  _  is  a e t e r. njaa d 

rtf  A  or.  Iv.  For  t..es_-  r-asens  values  of  t> 


ed 

R  wo  believe 
r  v  or.v  reason- 


^  O  t’  uU  j 

c  or.ru  t  sd 


of 


t_e  icnenaer.ee  of  v 


(for  the  various  geometries)  only 


Finally  va  basv.d  nil  our  computations  upon  the  scaled  up  model.  The 
valuo  of  torque  c.lv.'ayo  used  is  2,71  z  10fa  dyne-cn.  The  moment  of  inertia 
of  the  v/heol  is  2079  gm-cn^.  Since  the  goonotrical  curves  represent  only 
angles,  or  ratios,  the  geometrical  dimensions  can  be  expressed  either  in 
tenus  of  tho  modol  or  of  the  actual  clock. 
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(A)  Limits  of 


A>  is  the  angle  made  by  p  with  the  positive  x  axis  when  the  verge  is 
at  leading  equilibrium,  as  shown  in  Fig,  3*  It  is  also,  a  face  angle  and 
is  a  measure  of  the  slope  of  the  leading  pallet  face.  Although  we  shall 

talk  about  angles 

y  in  terms  of  the  leading 

verge  corner,  ono  could 
just  as  easily  adopt 

_ I  \  the  discussion  to  the 

y j  \  case  of  measured  at 

/  \  the  trailing  corner. 


--- 


"  - —  — *k  - \_ _ v  In  varying  p0  wo 

/  i  \  i  increased  or  decreased 

\  |  \/j|  j  the  angles  of  the  faces 

\  r  “j —  — — “VSj  j  of  tho  verge  by  equal 

\  T  j  \  amounts  at  each  corner, 

\ I  /  I  \  j  The  dotted  lir. ,s  at  tho 

'  trailing  comer  of  the 

verge  in  Fig.  3, shows 
|  how  this  is  done.  To 

_  find  limits  here,  means 

**  to  find  how  sharp  or 

how  obtuse  we  can  make 
these  comers  and  still 
have  the  svstem  run  nor¬ 
mally. 

Remember  that  no  other  dimensions  (including  the  positions  of  cornor 
points)  are  changed  at  all.  Reference  to  Figure  h  will  make  the  geometrical 

procedure  clear.  We  imagine 

y _ _  that  following  last  contact 

y  leading  the  wheel  remains  in 

X  - — — \  position  and  the  verge  turns 

/  \s  to  meet  it,  either  tooth  1 

3T - 1 - - against  face  1,  or  tooth  2 

/  0, |  against  face  2.  If  tooth  2 

\  _ ; _  j  collides  with  face  2  before 

\  2/  i  \  /  tooth  1  collides  with  face  1 

\  1^.  —  —  \  j  v:e  no  longer  have  ’’normal" 

VJ — /  ^  _ /  motion,  and  a  limit  will  be  placed 

/  \  / N  on  both  maximum  and  minimum 

\\  I  /  valuos  of  /S0  ,  It  actually 

\  '  /  turns  out  that  at  (20  -  29. 

\  2  |  /  v’c  have  an  upper  limit  and 

1  \.  \  I  /  at  ga  -  7.$°  therp  is  a  lower 

\v\  |  /  limit,  where  0O  -  17.5°  is  the 

\\,  '  /  value  for  the  "normal"  verge, 

W  i.p.  the  actual  verge  used  in 

0  |  the  clock.  T  is  information 

^ i  about  limits  is  found  by 

.  determining  the  distance  of 

rlV3.  tooth  2  from  face  2  when  face  1 

strikes  tooth  1  for  various 


FIG.  4 
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values  of  /20  .  It  is  found  that  as  /&-  increases  from  17.5*  the  teeth  1  and  2 
co;.vj  nearer  to  a  condition  in  which  both  v.lll  strike  the  verge  simultaneously, 
'..hen  29.5®  they  do  striko  simultaneously  (or-  nearly  so)  and  if  /&0 
is  redo  uny  larger  then  tooth  2  collides  first,  which  is  not  "normal"  motion. 
In  a  similar  way  (at  leading  collision)  the  lov;or  liiait  i3  found.  Tho 
computations  are  simplo  'out  laborious  and  are  net  shown. 

V.'a  should  note  that  our  assumption  that  the  wheel  stays  at  rest  after 
last  contact  and  v.aits  for  tho  vorge  to  come  around  anl  striko  it  is  of 
course  untrue.  Actually  the  wheel  turns  into  the  verge,  and  this  of  course 
puts  tooth  1  into  a  more  favorable  position  to  collide  first.  There  is 
no  way  of  accounting  for  this  geometrically,  so  our  upper  and  louver  limits 
are  probably  a  little  too  near  the  "normal"  Value.  '.Ve  use  them  regardless. 

(B)  Limits  of  k 


The  torn  k  represents  the  distance  between  centers  of  tho  vergo  and 
wheel.  Certainly  as  k  is  made  larger  the  verge  interferes  les3  with  the 
rotation  of  the  wheel  and  if  k  is  too  large  the  wheel  is  able  to  turn 
freely  without  boing  slowed  down  by  tho  vergo.  The  upper  limit  on  k  will 
be  that  at  which  the  two  corners  of  the  verge  are  on  the  tooth  cirdlo. 

Simplo  geometry  gives  k  =  .2269  for  this  value. 

Nov;  as  k  decreases,  the  verge  moves  in  toward  the  wheel  and  will  ovont- 
ually  causo  it  to  jam  if  it  is  too  close.  This  jamming  occurs  whon  tooth  1 
(seo  llg.  •!)  is  in  contact  with  face  1  at  the  instant  of  last  contact 
leading.  If  one  finds  the  distance  from  the  tip  of  tooth  1  to  the  face  1 
of  the  verge  for  conditions  of  last  contact  loading  at-  various  values  of  k, 
then  it  turns  out  that  a  k  -  .2172,  tooth  tip  1  is  just  touching  face  1, 

Any  k  smaller  than  this  will  result  in  jamming. 

(C)  Limits  on  R 


R  is  tho  radius  of  tooth  tip  circle  for  the  wheel.  As  R  becomes  smaller 
tho  vergo  has  less  and  loc3  influence. on  tho  wheel  and  if  R  is  so  small 
that  the  points  of  tho  vorge  lio  outside  the  tooth  circle  then  tho  wheel 
can  run  freely.  Tho  lower  limit  on  R  is  therefore  that  value  of  R  such 
that  tho  loading  and  trailing  verge  corners  lie  on  the  tooth  circle 
simultaneously.  This  value  la  H  »  0.1640. 

The  upper  HmH  on  R  is  found  precisely  as  Is  the  lower  limit  of  k, 
described  above.  Tho  computation  is  long  and  tedious  but  does  give  the 
result,  which  is  R  =  .1740. 


Ilrits  on  (x^y,. 


Tho  coordinates  (xqY0)  locate  the  position  of  the  verge  point  with 
reference  to  0^  when  verge  is  in  equilibrium  position.  This  is  the  most 

difficult  case  as  far  ns 
determining  limits  is  cor.- 
y  earned.  It  appeared  v;iso 


to  discuss  first0the  limits 
on  j>  where  (>•  x0 +  y0~ 


____  _  Of  course  all  tooth 

X  points  lie  on  the  dotted 
H  circle,  Fig.  5,  and  if  j? 

I - 1 \ — .  is  such  that  the  two  corner 

/  —  —  —  A\\  points  of  the  verge  lie  on 

m  this  cirdlo  at  equilibrium 

\  /  /  P -  position  then  this  will  be  a 

✓  \  \  /  /  J  A  limit  on  J>  .  Clearly  there 

\  \  /  /  \w  is  a  range  of  values  otP 

\  \  /  A0,yo  for  which  this  geometrical 

\  \  /  condition  is  met.  If  the 

>v  \  \  /  /  behaviour  of  the  system  is 

nAA  /  R  to  be  normal,  wa  can  begin 

!/  by  agreeing  tlmt  the  two 

0  |  verge  comers  must  subtend 

2 1  an  angle  on  tho  wheel  no 

greater  than  five  tooth 

I  spaces,  nor  loss  than  four. 

Using  this  idea,  wo  can 

P|0  cr  find  that  the  limits  on  P 

’  U  are  .1217  and  .1456.  J 

The  coordinates^x0y0}  in 

eacn  case  are  (.091,  -.081)  and  (.110,  -.ODo)  and  these  points  are  lying 
on  tho  tooth  circle.  No  points  (x^o)  (for  any  given  value  of  p  within 
the  permittod  range)  may  be  chosen  lying  outside  the  tooth  circlo,  but 
points  lying  inside  are  permitted.  Curve  1,  Fig.  6,  is  a  plot  of  all  the 
possible  points  lying  on  the  tooth  circle,  with  the  values  of  p  written  in 
at  intervals.  J 

The  next  problem  will  bo  to  find,  for  each  possible  value  of  P  within 
the  above  range,  the  limits  on  Che  angle  2c/0,  shown  in  Fig.  7.  This  of 
courso  will  put  limits  on  tho  points  (x0y0)  associated  with  o_ch  value 
of  P  •  la  this  way  we  may  map  out  the  total  region  within  which  the 
corner  point  of  the  verge  (x  y  )  may  lie. 


FIG.  5 
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i'j.'j  ir.v.-r  li.,:Lt 
of  ?.~i0  !:■/ o  alror.dy 
been  established 
by  the  above  des¬ 
cribed  work,  so 
that  v;e  need  to 
discuss  only  the 
X  lower  limit. 

There  are  tv:o  ways, 
physically,  in 
which  this  lower 
limit  night  occur. 

(1)  2<i  0  so  small 
that  at  last 
contact  leading, 
tooth  number  2 
is  already  in  con¬ 
tact  with  face  2 
of  the  trailing  verge. 

(2)  2rj  q  is  so 
small  that  at  last 
contact  leading 
tooth  number  1  is 
already  in  contact 
with  face  I  of  the 
trailing  verge. 

Nov/  if  case  (l)  occurs  we  must  investigate  further,  because  "normal** 
motion  does  not  allow  the  collision  to  take  place  in  this  manner.  Honce 
in  such  regions  that  case  (1)  occurs  we  must  further  limit  2  <i  0  by  finding 
values  of  2^  0  for  which  tooth  1  collides  with  face  1  at  the  same  timo 
that  tooth  2  collides  with  face  2,  The  computations  are  very  long,  but 
the  results,  shown  in  Fig.  6  are  easy  to  interpret.  These  results,  origin¬ 
ally  expressed  in  terms  of  H  0  are  plotted  in  terms  of  (x0y0),  as  can 
easily  bo  done.  (Refer  to  Fig.  7). 

Curvo  1  has  already  been  discussed.  Curve  2  gives  the  limiting  values 
of  the  points  (x0y0)  as  determined  by  the  fact  that  tooth  2  in  in  contact 
with  face  2  at  last  contact  leading.  To  have  the  verge  corner  at  a  point  to 
tho  left  of  this  curve  would  result  in  Jamming  tho  system.  Curve  3  gives 
limiting  values  of  (xoy0)  determined  by  the  fact  that  at  last  contact 
leading  tooth  1  is  in  contact  with  face  1.  Again,  if  the  verge  corner 
should  lie  below  this  curve,  the  system  would  jam.  Remembering  that  the 
"normal"  motion  does  not  allow  tooth  2  to  slide  on  face  2,  v;e  next  refer 
to  Curvo  4.  Along  this  curve,  both  teeth  1  and  2  are  simultaneously  in 
contact  with  faces  1  and  2  and  at  last  contact  leading  at  any  point  to  tho 
loft  and  abovo  this  line  tooth  2  strikes  the  verge  first,  to  the  right  and 
below  it  is  tooth  1  which  limits  the  values  of  (x0yo).  The  region  lightly 
crossLatched,  bounded  by  curves  1,  2,  and  3  is  not  allowed.  Finally,  then, 
all  points  (x0y0)  lying  in  the  region  bounded  by  Curves  1,  3  and  4  are 
geometrically  allowable. 


FIG.'  7 
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Curiously  enough  the  "norrual"  verge  point  lies  just  on  the  left 
boundary  of  this  region,  Tor  future  reference  i:e  record  bclcv:  tho  values  of 
(x0yQ)  used  in  computing  velocities. 


f  =  .1223 

/  =  .1340 

Xq  =  .096 

yo  -  -.091 

Xo  =  .096 

y0  -  -.cs? 

x0  =  .097 

y0  =  -.090 

Xq  c  .098 

—  — .091 

x0  =  .098 

yQ  =  -.089 

X0  *=  .100 

y0  =  -.094 

J>  =  .1370 

f  =  .1400 

Xq  =  . 1000 

y0  =  -.0936 

x  »  .1040 

y0  =  -.0906 

x<)  =  .1020 

y0  «  -.0915 

Xq  =  .1050 

y0  D  -.0937 

J*  =  .1430 
Sq  =  . 1074 
y0  »  -.0944 


(E)  The"Honnul"  Verge 


For  reference,  the  values  of  the  geometrical  constants  are 


K  »  .16775 
k  =-.2222 


/3a  -  17.5® 


.096 

-.090 
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VI.  T.-i’  VAIiL.TIOi:  OF  6  ..ITH  /& 

‘.'orl:  had  been  done  on  this  variation  before  R  ’..'as  written,  und  is  mentis 
in  Section  VI  (G).  All  calculations  for  variation  in  j3a  were  carried  out  by 
the  old  method,  using  approxitate  solutions  to  the  differential  equations. 

/30  v;us  varied  in  steps  of.  2*  from  the  loner  limit  of  7.5*  to  the  upper 
limit  '*•'*  77.5* .  The  value  of  9  vaa  computed  for  six  different  verge  momenta 
of  at  each  value  of  .  The  results  of  all  these  calculations 

Plm  .a  the  graph  of  Fig.  8.  Several  of  these  points  are  quite 

prooauiy  numerically  incorrect,  as  shown  by  the  fact  that  they  lie  off  the 
Curves,  but  the  burden  of  calculation  was  so  greut  that  thev  were  not 
recomputed. 


The  most  striking  feature  of  these  curves  is  the  apparent  flattening  or 
step  occuring  in  the  neighborhood  of  the  nor. -ml  value,  Sa-  17.5°,  a  flatten¬ 
ing  which  is  more  pronounced  at  the  larger  Yur,.e  moments.  A  later  reference 
to  certain  experimental  results  v/ill  also  give  seme  slight  evidence  for 
this  same  thing.  The  magnitude  of  this  step  in  the  theoretical  curves  my 
be  exaggerated  by  the  inoxact  method  of  solution  used  to  obtain  these  values. 
Recalling  that  the  whole  solution  depends  upon  our  ability  to  make  accurate 
linear  approximations  to  these  curves,  and  since  all  calculation  for  one 
vaijie  of  were  based  on  the  3nne  curves,  it  is  readily  seen  that  all  values 
of  b  for  a  given  A0  night  bo  too  large  or  too  small.  In  any  case  no  direct 
use  of  this  flattening  is  made. 

The  final  result  of  R  ms  an  empirical  equation  for  the  "normal"  verge 
and  wheel 

0  «=  AT^Iv”’612  V112  (1) 

where  we  would  expect  A  to  be  a  function  of  the  geometrical  dimensions,  i.e. 

A  =  A  ( k,  R,  x0,  y0) 

Of  course  we  must  note  the  possibility  tiut  the  functional  relationship 
expressing  8  may  be  different  for  different  geometries  since  this  equation 
was  obtained  empirically  for  one  particular  geometry  only.  In  particular, 
one  would  expect  that  t,.e  exponent  of  Iv  slight  change. 

be  begin  to  analyze  our  data  Jny  substituting  into  equation  (1)  above 
the  values  for  T,  Iv,  I,  and  for  8  ar.d  computing  tns  -^suiting  values  of 
A.  The  results  are  given  in  the  table. 


-±.- 


f 


I , 

7.5" 

9.5° 

11.5° 

13.5" 

.1 1 '  •  L) 

1053 

.158 

1  /»  /* 

.loo 

.178 

.166 

.210 

1500 

.160 

.171 

.172 

.191 

.210 

2098 

.159 

.168 

.175 

.131 

.208 

3000 

.145 

.163 

.132 

.169 

.204 

3640 

.139 

.164- 

.153 

.189 

.205 

5000 

.137 

.144 

.165 

.187 

,.209 

.150+.009 

.les^.oos 

•174+ .004  . 

♦  167+..C03 

•  +i0  8  +  •  002 

L, 

19.5* 

21.5“ 

23.5" 

25.5“ 

27.5" 

1033 

.234 

.255 

.279 

,294 

.317 

1500 

.236 

•  2  Do 

.277 

.299 

.523 

2093 

.237 

.253 

.275 

.253 

.323 

3000 

.236 

.247 

.279 

.292 

.522 

3640 

.229 

rjd  7 

.274 

.235 

.519 

5000 

.242 

.251 

‘>*70 

.289 

..314 

.236+. 003 

.27  7-:-.  002 

.293 +.004- 

.620, -.003 

Except  at  tho  small  values  of  /3a  ,  -oho  mesa  deviation  of  tho  values  of 
A  is  in  the  neighborhood  of  2>S,  which  would  indicate  that  tho  functional 
dependence  of  u  on  Iv  is  not  essentially  different  for  different  verge  angles. 

To  corroborate  this  theoretical  result,  experimental  data  was  obtained 
with  verges  whose  angles  wore  9.5° ,  13.5“.  15.5",  19.5",  21.5*  and  25.5*. 

The  results  are  shown  on  Fig,  9.  It  can  be  soon  that  tho  values  obtained 
for  the  lightest  verge  are  very  erratic.  In  thaso  curves  there  i3  only 
a  very  slight  indication  of  the  flatvenning  effect  noted  in  the  theoretical 
curves.  If  one  computes  the  values  of  A  from  these  experimental  data, 
the  following  are  the  results: 


9.5" 

13.6" 

15.5" 

17.  u“ 

1023 

.163 

.170 

.180 

•  lbo 

1578 

.156 

.174 

.186  • 

.19-. 

2078 

.153 

.180 

.195 

.203 

2578 

.153 

.174 

.195 

.205 

3028 

.149 

.171 

.189 

.201 

•  loS+.OO-i 

.174+.003 

.189 +.005 

.199+. 005 

Iv 

19.5° 

21.5" 

25.5° 

1023 

’TI63 

.201 

.209 

1578 

.200 

.213 

.234- 

2078 

.212 

.226 

.237 

2^78 

.216 

.220 

.234 

3028 

.214 

.220 

.239 

.206+..  010 

.216+. 007 

.23ig_.  003 

Here  again,  except 

for  the  ojrperii  ental  scattering,  the  values  of 

A  are 

uniform  indicating,  as  before, 

that  we  have 

the  correct  functional 

relationship  as  far  as 

Iv  is  concerned. 
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Finully  v;o  hr.vo  plotted  on  Fij,  10,  the  values  of  A  njnir.st  tho  v>l'.:on 
ith  theoretical  and  experimental.  The  obvious  result  is  of  course 
curves  show  that  A  (and  no  u)  in  directly  propcrtior.nl  to  /£,  , 
v/ithin  rather  cio„c  limits,  Further,  th  j  theoretical  cur/o  predicts  a 
chanjo  in  velocity  ( Iron  thr.t  of  the  ucm_il  Cu:o)  of  ah  out  hop  at  either 
ext rur.e.  The  experimental  curro  p.  .diets  about  a  2'C'l  change  at  either 

e.’.treno.  It  is  also  cl  by  ccmpurisio..  of  I'ifs.  8  ar.d  9  that  although 

tho  experimental  velceity  is  lews  than  tl.  ; hwCretio.il  Velocity  for  every 
point,  an  is  to  be  expected,  it  i.  al..c  xr.  that  the  slop i  of  the  exper¬ 
imental  curves  is  less  than  that  for  cl.  ul.wOr»uic_l,  laic  indicates 
that  fa  •  larje  vorjo  ..ajl^s  (u.  bread  poi;.,  at  tho  corner)  the  velocity  is 
much  lower  than  pr-dsotwi.  la  -uch  the  fua.i..x,.nt..l  es..siccrations 

upon  which  tho  oqx.. tioas  are  b.sod  mu-t  bo  Its.-  closely  a  roainuted. 

In  particular  it  i-  to  bo  rcaoi.bcrcd  tint  v.ro  have  always  e-r»..  1  tho  collision 
to  tone  place  or.  tho  xoir.t  of  tho  tooth,  buea  /€  is  Lsr^o,  ta_s  da  less 
likely  to  be  i:uj,  As  a  rajult  th.  collisions  talro  place  (in  cine  and 
in  ancle)  before  predicted  by  our  equations.  This  ccano  l.ss  free  travel 
ar.d  henco  u  lonpor  poriod,  thoreforo  a  a;rmilc,r  velocity.  While  not  tho 

only  factor  involved  this  seerm  to  be  tho  most  important  reason  for  tho 

lowered  experimental  velocities. 


of  A.  » 

that  both 


.O'T, 


EilvECT  Cl'  '.r/J;IATIC”3  II :  k 


In  accord  with  tho  discussion  on  limits  1;  vw._  varied 
Value 3:  .2175,  .2198,  .8210,  .2222,  .2235,  .22-15,  .2233. 

those  values  of  k,  v:e  computed  0  for  ly  =  1033,  2500  and  5 
of  this  computation  are  piven  on  Pip.  11. 


the  l’ollov/in’ 
each  of 
The  results 


V/o  must  noto  hero  that  tho  plot  cf  u  vs  !r  in  nearly  linear  _r  tho 
caso  of  the  lipht  voryo,  hut  not  for  oho  ether  two.  Proceeding  no  in  tho 
case  for  variable  verpe  unpin,  ’-•e  obtain  .shlowinp  t^'olo  of  constants  A. 


Tin  ays  ton  will  not  mu  uh_u  Iv  ='£550,  h  =  .2173,  _o  there  is  no  value 
for  this  cast.  Tho  results  cf  '.’  is  calculoticn  do  not  5_aia_.^  _ny 
correlation  hot '..'con  tho  values  of  A  in  each  colarsn.  It  ssc_„  ..css  unlikely 
that  tho  eaan  functional  dependence  as  before  c..„  ho  erpest-d  as  far  as  Iv 

la  concerned.  hneopt  empirically,  there  is  r.o  usable  info-. _ tson  hore. 

For  the  1053  verpo  there  is  a  varies ion  of  sc_ni  15,3  in  velocity  above  and 
below  that  her  the  nomal  verpo. 


e 


As  we  have  shown  above,  the  rsnre  o**  „  , 

that  the  following  values  were  used^°  !  01  2  v;us  auch 

.173.  For  each  of  these  values  of  R  V  is  er°'7J’  **oSo‘  ,170»  -171» 

IV:  1033,  2500,  5000.  The  -eoalts  ofth«^  PUU?  f°r  thrc°  Valucs 
In  Fig.  12.  alts  01  the£G  computations  nro  plotted 

*mU>Vx toiSlITJl’oJ?;  FT  °!  em3tant  A  in  ""AO-,  on  the 

*»  results  «.U^^^‘\a\lTS.UPOn  *•  6~V-612- 


Once  more  v;e 
suggests  that 
also  changes, 
value  of  IVj 
has  about  the 


conclude  that  the  lad;  of  uniformity  in 
j  tho  functional  dop, 

.  ln^ ousting  to  note  loro  that  the 

a  ^.noar  acpendence  of  8  on  R  and  that 
-uno  slope. 


ccci 


valucs_jof  A 
of  O’  on  Iv 
o,  for  each 
o-  -hose  lina_ 


'67  .153  .169  .170  .171  .172  .173  .174  .175 

STAR  WHEEL  RADIUS 
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Referring  to  para  16  of  this  report  v._-  find  a  list  of  points  (x0yG)  for 
which  the  values  of  6  wore  computed,  in  this  case  for  only  tvo  values  of  Iv, 
1023  and  5000.  V/e  proceeded.  as  follows :  Choc-lug  the  smallest  allowable 
vulue  of  ,  wo  calculated  0  for  each  of  .hr.,  different  points  such  that 

c  x02  +  y02.  This  gave  us  throe  vul_..s  .  it  was  noted  that  as  Xq 

oocoaas  larger  (as  the  points  Pp  ?o  ?„  u.v.  _r.f:„.;  ir.  that  order)  tho  values 
i  c*  w  c v—  .  — . .  *  —  holds 

dor  si  t  her  verge  s.u.v.ov.t,  and 
..11  values  of  y?  CUOSen. 

1‘;  w-s  difficult  to  decide  how  to 
plot  those  results  graphically, __untj.l 
at  — ;  noted  that  if  values  of  t) 
wwo  plotted  against  a  certain  angle  C7~, 
..11  points  for  tho  1053  verge  lie  nero 
or  lose  on  a  straight  lino, 
regardless  of  f  or  ::0.  To  a  somewhat 
poorer  .  ppro:;i:._tion  the  can  thing 
-rue  of  tho  values  obtained  for  th.- 
sdCG  very).  The  angl-  cT  in  defined 
by  CT"  -  oin“-  ::0./°  ,  is  shown  in 
Fig.  Is.  It  is  tho  sore  c.rgls  called 
i.,  kO  in  IV  I'D)  tho  angle  *4  »  Approximately, 

then,  the  data  plotted  on  Fig,  Id-  shows 


that  for  any  given  C~,  Q  is  the  sumo  regardless  of  P  ,  within  tho  Units  over 
which  tho  points  (z0yo)  nay  extend. 

Reference  to  Fig.  1-1  will  show  this  to  ho  true.  There  are  indicated 
on  this  graph,  threo  solid  blacl;  points,  which  age  for  f>  =  .loiO  and 
z0  =  .096,  .098,  .100.  Clearly  ns  ::0  increases  0  increases.  Cae  would 
find  a  similar  situation  for  points  at  each  of  the  other  values  of  , 

_ond  for  Iv  -  5GG0.  Because  of  t..e  small  differences  botv/eer.  values  of 
8  for  the  sw;.e  CT  but  different  yo  it  sgeras  logical  to  discuss  she  so  values 
or.  the  basis  of  a  linear  rolauic-ship,  0  vs  G~~  as  outlined  above .  V.'e  no  to 
in  passing  that  actually  there  ..__-ars  to  ho  a  tendency  for  4  so  be  slightly 
larger  usyo  increases  for  csa.  i_;:ed  valu-  of  or",  but  this  n  relatively 
unimportant. 


d'e  could  here  also  evaluate  use  const,  use  A  in  tell. is  of  th  ;  function 
described  above,  and  if  this  is  done  it  i-  found  once  jeore  thus  as  <7*  changes 
so  aces  the  form  of  the  equation  necessary  to  predict  6.  Here  the  "normal" 
verge  point  lies  at  thG  left  end  of  the  curve,  and  ns  O'  increases  to  th 
eve.sr.u: there  is  an  increase  of  some  25>)  in  the  velocity  for  the  case 
Iv  =  1035,  and  nearly  5G;j  in  tho  case  Iv  -  sCOO. 
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From  r<  consideration  or  tho  c&tu  discuss.  cl  above,  Certain  facts  arc 
clear.  Primarily  one  finds  (as  is  expected)  that  the  emniric'.d  equation 
derived  in  U  holds  only  for  u  vergo-wimol  ays  tot:  of  tho  type  called  "noir.nl". 
It  is  not  a  conorally  valid  equation  for  other  geometrical  shapes.  In 
particular  we  found  that  tni3  equation  *. •  ,s  logiticinta  when  /3a  v;os  varied, 
but  not  in  any  other  situation.  It  is  difficult  to  understand  why  this 
should  be  so  in  the  _cn3e  of  the  /20  variation.  It  was  first  thought  that 
since  all  Values  of  6  in  tho  cases  of  variable  k,  R  (x0yo)  '-ore  computed 
by  a  different  method  than  used  in  the  case  cf this  might  account  for 
tho  breakdown  of  tho  .oppiricnl  equation,  ’with  this  in  mind,  we  attempted 
to  fit  the  values  of  0  in  the  case  of  variable  1c,  R  and  (x0y0)  into  a 
single  empirical  equation  of  the  type  used  heretofore.  This  cannot  be  done, 
so  that  it  seems  logical  to  conclude  that  for  each  different  geometry 
thore  is  a  different  equation. 

A  second  striking  df-ault  of  our  calculations  is  that  in  almost  all 
cases  tho  variation  of  6  as  cm  vane..  thj  v.duo  of  a  geometrical  factor 
is  fairly  well  represented  by  a  linear  ^.wroxi: .  .tloa.  This  i3  particularly 
true  in  the  cases  of  R,  and  the  lighter  Verges  and  k.  Within  the  limits 
set  by  the  problem,  our  curves  will  indicate  how  much  change  in  0  to  expoct 
for  a  given  change  in  R,  _  or  (::0y0).  One  could,  if  it  seemed  important, 
find  tho  linear  relationship...  readily. 

It  should  ulso  be  clearly  undorstooa  that  we  have  never  considered, 
changes  of  moro  than  one  geometric  factor  at  a  tir.o«  Tho  amount  of 
computation  necessary  to  do  this  seeru.  prohibitive.  Certainly,  v/ith  v/hat 
wo  have  found,  some  reasonable  predictions  could  bo  made.  Vie  can  say 
with  certainty  that  any  change  which  tends  to  increase  the  time  during 
which  the  wheel  and  verge  are  free  of  each  other  tends  to  speed  up  tho 
motion.  Vie  find  this  to  occur  for  increasing  ic,  decreasing  R  or  increasing 
0“  .  It  is  not  at  all  obvious  that  this  is  occurring  in  the  case  of 
variable  however.  In  this  case  it  uppears  to  be  principally  a  case  of  a 
change  in  the  values  of  u/v.  In  general,  for  si.nll  /Q>a  ,  u/v  is  large  and 
for  large u/v  is  small.  This  si.  ply  iw.nu.  that  in  a  relative  sense  the 
torque  being  applied  to  slow  down  the  vh„ei  is  decreasing  as  /2>a  increuses  so 
the  wheel  runs  more  rapidly.  These  two  .'actors  are,  it  would  seem,  the 
important  one  governed  by  geometry.  To  repeat,  these  factors  are  (1)  length 
of  time  the  verge  and  wheel  arc  free  of  each  other,  (2)  values  of  the  ratio 
u/v.  In  the  design  of  a  verge— wheel  system  this  information  should  be  of  aid. 
Those  conclusions  cun  be  compared  with  the  theoretical  discussion  of 
Section  III. 


Of  all  the  geometrical  factors  studio..-  none  ecu  bo  changed  enough  to 
alter  the  velocity  cf  the  "normal"  case  by  wore  than  5b/.  Remember  again  tho 
restriction  of  "nomad"  motion.  Cf  those  gee:.. mw.de  factors,  the  apparatus 
might  be  built  so  as  to  ifC  Ci  id  v Ca.  n  £.i  ble.  Thw.i  as  h  is  increased  from:  .PI?  2 
-uer.es  to  .id  lb  9  inches  there  will  be  a  continuous  ar.d  nearly  linear  change 
in  Velocity  6.  noting,  however,  that  the  total  change  in  less  than  10  mils 


K  '"tears  that  any  accurate  method  of  controlling  k  would  be  of  costly 

ctuiv.  Of  course  the  other  dimensions,  R,  /i/xoy0)  might  be  chnuy-d 
process  of  manuf-  cture  to  give  verges  of  different  amounts  of.  tine 
n.tatsu  above  such  changes  could  not  affect  tho  final  6, 
t i.  e,  tc  a  gi’oat  extent. 
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Reference  to  Appendix  A  of  R  will  be  helpful  in  understanding  the  terns 
employed  in  this  discussion. 


V.'o  assume  that  bo -a  wheel  and  verge  are  at  rest  in  the  position  of  ,  nd- 
ing  equilibrium  at  tho  beginning.  Hence  in  tho  equation 


( 


>  *  M  dfioJ  +  2  r  (61  -  e°} 


+  *v 


(fie/)2 

(dQ}i 


.  is. 
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where  6]_  is  the  anGle  of  last  contact  leadinj.  Having  computed  Bp,  then 

U  -  {—!  *  k 

Having  reached  and  passed  the  position  of  last  contact  loading,  'the 
wheel  and  verge  turn  freely  until  collision  trailing,  tho  position  of  which 
is  found  from 


o(  o  _  o(i 


c<  1  “A  av/  A 

and  the  use  of  the  <Xvs  6  curve  for  trailing  contact. 


0p  •  t  +  (3,  -  0*)  (2) 


Tho  velocity  of  the  wheel  Just  bofore  and  just  after  this  collision  are 
found  from  equations 
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course!-—!  -  —  at  first  contact  (collision  trailing).  It  i3  to  be  noted 

(UDjg  V 


then  in  wore  reported  in  R,  u/v  -  ii  at  collision  trailing  or  u/v  =  K*at 

collision  leading  are  both  considered  positive  but  that  -sa-j  ^  Q  por 

( aG ) 

contact  trailing,  )— J  /  Q  for  contact  landing.  The  only  point  at  which 

(u-o)  ^ 

this  is  important  13  in  equations  (•:)  ana  [i]  (w.-.ich  follows  later)  whore 

the  numerator  always  is  given  by  tho  difference  of  two  numbers,  since  the 
( aw 

^  ^  ^  uiTc  01  opposite*  si£*n* 
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?:.e  wheel  end  vc-r^e  now  buin^  in  trailing  contact  wa  have 


vn.ore 
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ust  contact  leading.  Also  wa  yet 
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JTc.v  if  ly  is  lurj'v-  cnGuyu,  it  --  pos.Alle  for  03  to  b~  n^.-vive*  indi¬ 
cating  that  the  wheel  has  .v.tncd  direction  at  the  collision.  Under  thoso 
circumstances  it  i3  r.occa^.  ry  to  find  tho  an^lo  C^a  at  which  the  v;hw-l 
cons  to  rest  before  starting  forv.-nrd  ayain. 

.  This  anflc  is  found  by  usir-G  equation  (5)  where  C3A  =  S/  <  03  and 

*u*  -  6,2  -  0. 
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At  6",  the  wheel  is  at  root.  A3  it  ov.co  more  r.ovos  forward  it  returns  to 
at  which  it  now  has  a  velocity  G3  >  0. 

The  remainder  of  the  cycle  up  to  leading  collision  is  carried  out  as 
duscribed  abovo,  usin"  oquatiens 
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0-  is  t:.j  velocity  of  the  wheel  ira.euA.tely  after  .  eadinj  collision. 
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v: ir.j'.i  uitiuh  i* c : <  -v-i tt/h  u/v 


In  C c» !<;•::  II  of  this  report  an  Gosux.ptior.  v;us  made  that  there  existed 
a  verge  in  ’./hi eh  tr.e  ratio  c:'  lever  arms  u/v  would  remain  constant  as  tho 
verge  moved.  Tho  accompany _r.g  figure  shows  whore  these  lever  cr.es  are 

measured.  The  equation  is 

dl  e  _ _ g  con  (/?•>  6)  .  . 

k  cos/64  H  cos  (  /?+  0) 
whelm.  1:  <.0,  as  usual.  'l.’ow 

_ I _  as  she  sooth  moves  along  the  face, 

she  perpendicular  .eh  deter.hLuos 
\\  u/v  (which  is  ?P')  i3  rotated, 

- - - - X— - hv/_c,  uha  ratio  u/v  will  in 

‘\  »  \  ^  0  g — .r~l  change.  For  she  piano 

V  r  V  p~.ll.-S  l..so  used  on  ell  verges 

>  ^  "V- -  stu i.  phis  v:orh  the  angle 

x  /  :ss  -~...ws  ss. .ply  tho  angular 

^1  /  po,is_on.  fa  cthar  w\.y  oT 

O  1  *  /  s_y_xg  this  io  tin;  as  tho 

V^rv  •;;Xil  p  p' 

•j\  :  /  cuangas  direction  criv 

w  \  /  because-  the  verge  is  rotating. 


u\ 

\ ! 


::ov/  if  the  pallet  face 
is  not  plane  but  a  uurved 
surface  of  same  hyp,,  the 


diroc._on  of 


caung,3  as 


the  wheel  rotates  for  two  . 
reasons,  first  because  tho 

verge  itself  js  rotating  and  second  because  tho  direction  of  P  p'  at  tho 
now  point  of  contact  is  not  the  sane  as  at  tho  original  point  because  of  tho 
curvature  of  taa  surface. 

Suppcso  wo  equate  the  expression  for  u/v  to  a  constant  and  compute  the 
corresponding  to  each  C.  This  value  of  /3  now  cun  refer  only  to  the  anglo 
of  lover  arr.  u  with  axis  of  centers,  and  not  specifically  to  tho  rotation 
of  tho  verge*  Suppose  those  values  of  ,3  just  computed  be  compared  with 
values  computed  „  similar  case  for  the  piano  face  verge.  Tho  d.fference 
in  each  pair  of  win  sc  should  bo  a  measure  (approximate)  of  tho  anglo 
the  tangent  to  the  curved  surface  mixes  with  tho  plane  surface  at  that 
value  of  G.  Using  a  graphical  method  one  my  sketch  the  curved  surface. 

This  surface  is  in  error  because  v/o  have  carried  out  our  calculi  ions  on 


tho  b-si: 


tooth  is  _n  contact  with  the  plane  face  at  each  -agio. 


In  reality,  ah,  tooth  mist  b,  ir  contact  with  the  curved  pallet  face.  In 
order  to  see  hew  to  apply  a  correction  for  this  wo  consider  n  specific  case. 


Tho  "normal”  verge  at  i  w  cqui librium  gives  a  lover  arm  ratio 
u/v  «>  ,9‘i9.  V.'o  computed,  *  j.  range  of  values  of  6  cipher  side  of  tho 
equilibrium  point,  those  ..ucs  of  required  to  heap  u/v  constant,  Thun 
using  the  values  of  /2>  criminally  computed  for  tho  rotation  of  tho  piano 
faced  vergo,  v;o  found  the  incrcmones  ays  at  each  G  by  which  a  normal  to 
tho  verge  surface  roust  cLnr.go.  Thu  full  lino  plot,  id  in  the  following  diagram, 
Fit',  16,  is  tho  result  of  this  appreniiaroo  .elution,  in  the  cur/,,  coparts  furthur 
from  tho  lino  it  turns  out  that  our  v_luo_,  of  boca.-.o  too  largo. 

In  othor  words  tho  curvo  is  somewhat  flatter  than  that  drawn  an  a  solid  lino. 

Tho  dotted  line  is  probably  more  nearly  correct. 


This  dotted  lino  curvo  wan  not  co.r.put  .  Cue  could  proceed  as  follov:s, 
however.  From  tho  Graphical  plot  of  tho  aceo:..  _ying  figure  it  is  possiblo 
to  determine  ..ow  much  tho  verge  would  bo  rotated  •..hen  thu  tooth  is  in 
contact  at  point  A*  rather  than  A.  This  h~/->  /eoula  then  bo  subtracted 


from  tho  increment ,  hy3  above  to  g.'i 
that  point. 


icariy  correct  clop  3  anglo  at 


An  approach  of  this  typo  should  raf:o  it  fairly  simple  to  design  a  pallet 
face  which  would  produco  constant  u/v.  It  is  of  course  obvious  that  tho 
preceding  discussion  is  only  coaii-quantitative  at  best. 
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